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Abstract. This paper is concerned with the large time behavior of solutions 
to the Lifschitz-Slyozov- Wagner (LSW) system of equations. Point-wise in 
time upper and lower bounds on the rate of coarsening are obtained for so- 
lutions with fairly general initial data. These bounds complement the time 
averaged upper bounds obtained by Dai and Pego, and the point-wise in time 
upper and lower bounds obtained by Nicthammer and Velasquez for solutions 
with initial data close to a self-similar solution. 

1. Introduction. 

In this paper we shall be concerned with the large time behavior of solutions to 
the Lifschitz-Slyozov- Wagner (LSW) equations [H [T6| . The LSW equations occur 
in a variety of contexts |141 115j as a mean field approximation for the evolution 
of particle clusters of various volumes. Clusters of volume .x > have density 
c{x,t) > at time t > 0. The density evolves according to a linear law, subject to 
the linear mass conservation constraint as follows: 
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dcjx, t) ^ d_ 
^ ' ' dt dx 

(1.2) / xc{x,t)dx = 1. 
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c{x, t), a; > 0, 







One wishes then to solve (|l.ll) for t > and initial condition c{x,0) — cq{x) > 
0, X > 0, subject to the constraint (|1.2p . The parameter L{t) > in (jl.ip is 
determined by the constraint (jl.2|) and is therefore given by the formula, 



(1.3) L{ty/'^ ^ / x'^^^c{x,t)dx / / c{x,t)dx. 

Jo ' Jo 

Evidently then L{t) is a measure of the typical cluster volume at time t and the 

time evolution of the LSW system is in fact non-linear. Existence and uniqueness 

of solutions to (jl.ip , (|1.2p with given initial data cq (a;) satisfying the constraint has 

been proven in [5] for integrable functions co(-), and in [lOj for initial data such 

that Co{x)dx is an arbitrary Borel probability measure with compact support. In 

[TT] the methods of [TOj are further developed to prove existence and uniqueness 

for initial data such that co{x)dx is a Borel probability measure with finite first 

moment. 

The importance of the LSW system lies in the fact that it is one of the simplest 
systems which is expected to exhibit the phenomenon of coarsening. Specifically, 
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beginning with rather arbitrary initial data satisfying the constraint ()1.2|) . one 
expects the typical cluster volume to increase linearly in time. This is a consequence 
of the dilation invariancc of the system. That is if the function c{x,t), a;,t > 0, 
is a solution of (|1.2p . then for any parameter A > so also is the function 

X^c{Xx, Xt). Letting A{t) be the mean cluster volume at time t, 

/•oo />OC 

(1.4) A(t) = J xc{x,t)dx^ J c{x,t)dx, t > 0, 

one expects A{t) ~ Ct at large t for some constant C > 0. The problem of proving 
that typical cluster volume increases linearly in time is quite subtle since it is easy 
to see that the constant C depends on detailed properties of the initial data. In 
fact if the initial data is a Dirac delta measure then C = 0. Less trivially one 
can construct a family of self-similar solutions [9] to (|1.1|) . (|1.2p depending on a 
parameter which may take any value in the interval < /? < 1. In that case 
A(t) - C{P)t at large t, where < C(/3) < /3. 

All self-similar solutions to the LSW system have compact support. For a given 
P, < (3 < I, the self similar solution has the form, 

Let the support of //3(-) be the interval [0, a{(3)]. Then as a; — ^ a{(3) one has 

(1.6) fpix) ^ K[aiP)-xf/<^'-^^-\ P<1, 
Mx) ~ Kexp{-l/[a{f3)-x]}, /3 = 1. 

It has recently been shown [121 IH] that every self similar solution is a stationary 
point of an infinite dimensional dynamical system, and that the stationary point 
is locally asymptotically stable. It follows from this that if the initial data co(-) 
for (|l.ip is sufhciently close to the self similar solution with parameter (3, then 
A{t) ~ C{f3)t at large t where C{(3) > is the rate of increase of the average cluster 
volume of the self-similar solution. The definition of "closeness" to the self similar 
solution is quite complicated. A key feature of it is that the initial data co(-) should 
have compact support, and have the same behavior close to the end of its support 
as the corresponding self similar solution exhibits in p.6|) . 

Instead of seeking to establish the exact rate of typical cluster volume increase, 
one can instead simply look for bounds on the typical cluster volume which are 
linear in time. An upper bound of this nature, which applies to rather general 
initial data for (jl.ip , was proven by Dai and Pego [5] . An important ingredient in 
their proof is an argument of Kohn and Otto [7] , which has been applied to several 
systems for which coarsening occurs. The quantity which measures the typical 
cluster volume is in this case the energy E{t) defined by 

/•oo 

(1.7) E{t) = / x^/^c{x,t)dx . 

Jo 

In view of (|1.2p the ratio 1/E{t)^ is a measure of the typical cluster volume. It is 
shown in [5] that 



(1.8) 
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E{tfdt 
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< CT, T > 1, 
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where C is a constant depending only on the initial data. Thus the Dai-Pego result 
gives an upper bound on coarsening in a time averaged sense. In this paper we shall 
establish bounds on coarsening which are point-wise in time. In particular we show 
in §4 that 

(1.9) A{T)<CT, l/E{T f<CT, T > 1, 

where C is a constant depending only on the initial data co(-) for (|l.ip . Evidently 
the second inequality of (|1.9p implies (|1.8p . The inequalities (|1.9p apply to a wide 
range of initial data, even data which is slowly decreasing. An example of this is 
co{x) = K^/{1 + x^^", e > 0, for constant such that pr2ll holds. 

We also obtain point-wise in time lower bounds on coarsening which are linear 
in time. These are more difficult to establish than upper bounds because one needs 
to show that for initial data co(-) in some class, the solution c{-,t) of (jl.ip . (|1.2p 
cannot collapse to a Dirac delta distribution for some large time. In §4, §5 we show 
that 

(1.10) A(r) >CT, T> 1, 

for some positive constant C depending only on the initial data co(-) for (|l.ip . The 
inequality (|1.10p applies also for a wide range of initial data, in particular to the 
functions co{x) = or co{x) = K^/{\ + a;)^"*"^, e > 0, for constant such that 
()1.2p is satisfied. The range of initial data for which we are able to prove the lower 
bound (jl.lOp is however slightly smaller than the range of initial data for which 
we can prove the upper bound (jl.9p . The main difference is that for initial data 
which decays polynomially at infinity, our proof for the lower bound (Proposition 
5.2) requires that there be no oscillation at infinity in the rate of decay. At the end 
of §2 we give an example (Example 1) of initial data for which we have proved that 
(fOj) holds but not (fTTOl) . 

The study of solutions to (jl.ip . p.2p generally proceeds [5] by considering the 
evolution of the function w{x,t), 

poo 

(1.11) w{x,t) ^ / c{x',t)dx', x>0, 

J X 

rather than the evolution of the function c{x,t). The reason for this is that the 
method of characteristics shows that the time evolution is given by w{x,t) = 
■wo{F{x,t)). The function F{-,t) depends only on the parameter values L{s), < 
s < t, and Wo is determined from initial data by 

(1.12) ^0(3;) = / Co{x')dx', x>0. 



Hence wq is a continuous nonnegative decreasing function converging to as a; ^ cx), 
and which may in fact have compact support. The condition (|1.2p at t = further 
implies that wq is also integrable on (0, 00). 

To obtain an expression for the function F{-,t) one writes the LSW equations 
pTT]) . pT^ using the function pTTT|l as 

1/31 



(1.13) 



dw(x, t) 
dt 



1 - 
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dw , 

— (a;,t), a; > 0, t > 0, 



(1.14) / w{x,t)dx = \ 
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The formula (|1.3p for the parameter L{t) now becomes 

1 

(1.15) L{ty/^^- / x-2/^w(x,t)da;/'u;(0,t). 

•J Jo 

Observe from (|1.15p that since w{-,t) is nonnegative decreasing the interval [0, L{t)] 
is strictly contained in the support of the function t(;(-,i). 

The standard approach to solving (|1.13p , p.l4p is to use the method of charac- 
teristics [5]. Thus assuming one knows the parameters L{s), < s < t, one solves 
the ODE 

1/31 



(1.16) '-^ 

as 



1 



Lis) 



< s <t, x{t) 



Since wo(') given by (|1.12[) is the initial data for (|1.13|) . it follows that w{x,t) = 
wn{x{0)), whence the function F{-,t) is defined by F{x,t) = x{0). It is easy to see 
that F{x, t) is an increasing function of x which satisfies F{0, t) > 0. One can also 
derive a formula for dF{x, t)/dx in terms of the solution x(s), < s < t, of (|1.16p . 
It is given by the expression 

dF{x,t) _ r 1 /-* ds 
^ ^ ^ dx ^ ''''P [ 3 io <sY'^ L{sY'\ 

from which one concludes that the function F{-,t) is convex. The properties of 
F{-,t) which shall be crucial to our subsequent analysis can be summarized as 
follows: 

(OS, mo>o, o<2feil<i, ^>o. 

It follows from (jl.lSp that for all t > 0, w{x^ t) is a nonnegative decreasing function 
of X which converges to as x' — > oo. If wq has compact support then w{-,t) also 
has compact support for all t>0. 

One way of solving (|l.ip . (|1.2p is to take advantage of the dilation invariance of 
the LSW system. Thus assuming say L(0) = 1 in (|1.3p . we solve (|l.ip . (|1.2p for 
time < < < 1. Then we rescale c(-, 1) so as to make L{1) = 1 and then solve 
the LSW system again for a unit time interval, but now with initial data given by 
the rescaled c(-, 1). Proceeding in this way we can solve the LSW system up to 
arbitrarily large time. The advantage of this method is that as one iterates the 
process, the solution of the LSW system over a time interval of length one in the 
rescaled variables should correspond to larger and larger intervals in the original 
time variable. This is a consequence of the phenomenon of coarsening. 

The method of solving the LSW system described in the previous paragraph 
is in fact a type of map iteration on integrable nonnegative decreasing functions 
WqIx), X > 0, of the form wo{x) wo{F{x)), a; > 0, plus a rescaling to maintain a 
given normalization. Letting Xq be the positive random variable with cumulative 
distribution function given by P{Xo > x) = wo{x)/wo{0), we see that if F{-) 
is increasing then the mapping 'Wo{x) — > wo{F{x)) is equivalent to a mapping 
Xq — !■ Tf{Xq) on positive random variables with finite first moment. We will be 
concerned with obtaining criteria on the function F(-) which implies the stability 
of this mapping under arbitrarily large numbers of iterations, for a rather general 
class of initial variables Xq. By stability we mean that if X„, n = 1,2... denote the 
iterations of under Tp, the fluctuation of X„ relative to its mean should neither 
become arbitrarily large or small. We shall show uniform boundedness of relative 
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fluctuations by proving that the Xn, n — 1,2..., uniformly satisfy certain reverse 
or sharp Jensen inequaUties. 

Key to our method is a non-negative function (3q{x), x > 0, derived from wq{-) 
which we define in §2. This function appears not to have occurred in the hterature 
before. It does however appear imphcitly in a paper of BaU et al [2], where they 
obtain a variational expression for the Fisher information of a probability density 
function (see §2). It is shown in §2 that if sup/3o(-) < oo, then the corresponding 
random variable Xq satisfies a reverse Jensen inequality which implies that relative 
fluctuation of Xq is bounded above. If on the other hand inf/3o(-) > 0, then Xq 
satisfies a sharp Jensen inequality which implies that relative fluctuation of Xq is 
bounded from below strictly larger than zero. 

In §3 we show that for certain functions F{-) the mapping Tp is stable, by 
examining its effect on the /3 function of the random variable. One easily sees that 
for a convex function F{-) the inequality s,upTp{(3q) < sup/3o holds. Hence if F{-) 
is convex, relative fluctuations of X„ cannot become arbitrarily large. We also 
obtain conditions on F{-) and the initial variable Xq which imply that if /3„ are the 
(3 functions corresponding to the variables X„, then inf /3„ is uniformly bounded 
from below strictly larger than zero as n ^ oo. The conditions we impose on the 
function F and variable Xq in this case are much more restrictive than for the 
upper bound. 

In §4 we turn to the study of the LSW iteration, obtaining quite general upper 
bounds on the rate of coarsening, and lower bounds which hold for initial data 
which is close in some sense to a Dirac delta distribution. Bounds on the rate of 
coarsening follow from stability of the LSW iteration, as described in the previous 
two paragraphs, by virtue of the identity 

(1.19) ^-/^(O'^)' 

which is proved in Proposition 4.2. In (|1.19p the quantity A{t) is the mean cluster 
volume (|1.4[) at time t, and /3(-, t) is the beta function corresponding to the function 
'w{-,t) of (jl.lip . One should note here that for initial data similarly close to a 
Dirac delta distribution, the results of Niethammer and Velasquez [12] also give 
lower bounds on the rate of coarsening. Finally in §5 we show for the LSW system 
how to obtain lower bounds on the rate of coarsening which are almost as general 
as our upper bounds. To do this we first prove that f3{-,t) is almost monotonic 
increasing at large t. Then on combining this fact with the argument of §4, we 
obtain a positive lower bound on inf/3(-,i), uniform as t oo, which does not 
require initial data to be close to a Dirac distribution. 

Suppose now that the initial data wq{-) of p.l2p for the LSW model has compact 
support < X < a, and that the f3 function /3o{-) corresponding to wo{-) has a limit 
at the end of the support satisfying < liiUx-^a < oo. Then the results of the 

paper show that the upper and lower bounds ()1.9|) , (jl.lOp hold in this case. It is of 
some interest to compare this condition on the initial data with the conditions on 
initial data required in [HI dH [13] for a solution to converge to one of the self-similar 
solutions (|1.5p . In [3] it is shown (Theorem 5.10) that a necessary condition for the 
solution of the LSW model with initial data wo(') to converge to the self-similar 
solution (|1.5p with /3 < 1, is that wq{x) be a regularly varying function at a; = a with 
exponent p = /3/(l — /3). In §2 we prove that the condition lima;^a Po{x) ~ (3 implies 
that wq{x) is a regularly varying function at x — a with exponent p — (3/{l — (3). 
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One can also see from the proof that the condition linix^a f3o{x) = /3 is only slightly 
stronger than the condition of regular variation at a with exponent p = [3/(1 — f3). 

An important feature of the methods developed in this paper is their flexibility. 
In particular they only use the conservation law (|1.2p in a rather general way. The 
flexibility therefore makes them unsuitable for direct application to the problem 
of proving asymptotic stability for self-similar solutions of the LSW system. There 
is however a related system for which the methods developed here do yield global 
asymptotic stability of self-similar solutions. This system is a linearized version 
of the LSW system, where the power 1/3 in is replaced by power 1. The 

linearized LSW system was first proposed and studied by Carr and Penrose [3l [4] , 
who also proved global asymptotic stability of self-similar solutions. A short proof 
of global asymptotic stability for the linear model using properties of the beta 
function is given at the end of §4. 

2. The /3 Function 

We shall be interested in the space E of integrable nonnegative monotonic de- 
creasing functions w : [0, oo) [0, oo). Evidently the space E is equivalent to the 
space of finite Borel measures /j, on [0, oo) with finite first moment. We also see 
that-up to normalization- the space E is equivalent to the space of random variables 
X taking values in (0, oo) with finite first moment < X > < oo. Now from Jensen's 
inequality, one has that 

(2.1) <X"><<X>", 0<a<l. 

It is evident that if < a < 1 then strict inequality occurs in (|2.1[) except for the 
trivial random variable X taking a single value with probability 1. Thus for X not 
the trivial random variable and < a < 1, there is an r]{a,X) > 0, depending on 
a and X, such that 

(2.2) < X" > < [1 -77(a,X)] < X >" . 

We shall refer to ()2.2p as the sharp Jensen inequality. It is also clear that the 
variable X satisfies a reverse Jensen inequality, 

(2.3) < X" > > C{a, X) <X 

for < a < 1, and positive constant C{a,X) depending on a and X. 

We shall be concerned here with identifying large classes of variables X for which 
the constants C{a, X) and ri{a, X) are uniformly bounded from below strictly larger 
than zero for X in a certain class. To do this we introduce a function /3(-) associated 
with the variable X, which has as domain the interval [0, ||X||oo)- The interval may 
be finite i.e. ||X||oo < oo, or infinite i.e. ||X||oo = oo. Thus let w G E correspond 
to X and h : [0, oo) [0, oo) be defined by 

poo 

(2.4) h{x) = / w{x')dx', x>0. 

Then /i is a non-negative decreasing convex function such that h{x) ^ as x — s- 
||X||oo. If h is on the interval [0, ||X||oo) we may define the /3 function associated 
to X by 

(2.5) (3{x) = h"{x) h{x)/ h'{xf, 0<x<||X||oo. 

Observe that the function /3(-) in (|2.5p is invariant under multiplication of h by 
a constant and by dilation scaling. The transformation (|2.5p can be illustrated 
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graphically (see Figure 1) as related to Newton's method for solving the equation 
h(z) ~ 0. For X > the function x x — h{x)/h'{x) maps x to Newton's improved 
value for the solution to h{z) = 0. The derivative of this function is P{x). 

We have not been able to find an explicit reference to the (3 function (|2.5p in 
the literature, but it does appear implicitly in [2] in a variational expression for the 
Fisher information of a probability density function. This variational expression 
plays an important role in the proof [T] of the Shannon conjecture for monotonicity 
of entropy. If the function h{x), — oo < a; < oo, is the probability density function 
for a random variable, then the standard definition for the Fisher information of h 
is J{h), given by the formula 

m^f'^dx. 



h{x) 

Evidently if h'{-) converges to at oo then J{h) can be alternatively written as 



(2.6) J{h) 



h'{x) 



2 



h"{x) 



2 



dx = / ^!^M_[l_/3(a;)]dx. 
' h[x) 



h{x) 

Suppose now that h{-) is the marginal density of a joint probability density function, 

h{x) = j w{x,y)dy. 

Then h' (x)'^ / h(x) — h" (x) has a variational representation in terms of the function 
w{x, •). and hence by (|2.6p the Fisher information J{h) has a variational represen- 
tation in terms of the function iy(-, •). 

It is easy to solve (|2.5p for (3{x) = /3 = constant. For < /3 < 1 the fimction h 
has compact support. For /3 > 1 it has polynomial decay and for (3 = 1 exponential 
decay. The solutions normalized so that /i(0) = 1, /i'(0) = — 1 are given by 

(2.7) h{x) = [1 - (1 -/3)a;]^/'^"'^^ , < /3 < 1, 

h{x) e^^ , (3 = 1, 

h{x) = l/[l + (/3-l):r]'/^^-'^ /3>1. 

Observe that if we set 'w{x) = —h'{x) with h as in l\2.1\ then w is an invariant solu- 
tion of the linearized LSW equations studied in [4] . Note also that (3 = Q formally 
corresponds to the trivial random variable, taking a single value with probability 
1. For general functions /3(-) it is easy to see that the condition sup/3(-) < 1 is 
equivalent to the condition that the function h{-) of (j2.5|l is log-concave. If there 
is strict inequality sup/3(-) < 1, then one can sec from the argument of Lemma 2.1 
below that h{-) also has compact support. 

The main result of this section shows how the constants in the sharp and reverse 
Jensen inequalities (|2.2[) . (|2.3p can be chosen to depend only on upper and lower 
bounds for the beta function associated with X . 

Proposition 2.1. Let X he a positive random variable with associated beta function 
given by (3{-). Then 

(a) For < a < 1, < /3oo < oo, there is a positive constant Co{a, /3oo), depending 
only on a, (3oc such that i/sup/3(-) < Poc, the optimal constant C{a,X) in the 
reverse Jensen inequality ^2. 3\) satisfies C{a,X) > Co(q;, /3oo)- 

(b) For 0<a<l, 0</3o< oo, there is a positive constant r]o{a,l3o), depending 
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only on a, (3o such that i/inf/3(-) > f3o, the optimal constant r](a,X) in the sharp 
Jensen inequality 112. satisfies r]{a,X) > r/o{a,l3o)- 

Wc shall prove Proposition 2.1 in a series of lemmas. The proof of (a) is given 
by the following: 

Lemma 2.1. Suppose X is a positive random variable and its associated /?(•) func- 
tion satisfies sup/3(-) < (3oo < oo. Then for any a, < a < 1, the inequality \2.3\) 
holds for a constant C{a,X) = Ci(/3tx))"; where Ci(/3oo) depends only on Poo- 
Proof. We begin by obtaining an explicit formula for the function h of (j2.5p in 
terms of its (3{-) function. To do this we set h{x) = exp[— in (|2.5|) . in which 
case equation (|2.5p becomes 

Hence q'{x) is given by the formula 



(2.8) 



q'ix) = 1 I 



l/g'(0)-x + / ii[x')dx' 



Evidently if the function /?(•) is associated to the random variable X, then 
l/g'(0) =< X >. Integrating (|2.8p we conclude that 



(2.9) q{x) = q{0) + dz/ 



l/q'{0)-z + / (3{z')dz' 



Hence if w{x) — —h'{x), < x < ||-'^i|oo, then 
(2.10) 

w{x) _ < X > 



7(0) [<X>-x + f3iz')dz'] 



exp 



, 0<x < \\X\ 



dz 



<X>-i 



j;f3{z')dz'] 



From (|2.10|) we see that there is a positive constant Ci(/3oo) depending only on (3oo, 
such that 

(2.11) u;(.t)/w(0) > 1/2, < a; < Ci(/3oo) < ^ > • 

Now (PTTjl implies that 



(2.12) 



<X" > 



-(i~")u;(a;)dx 1, , , 
w[0) 2 



□ 



To prove (b) we first obtain a quantitative version of the Jensen inequality (|2.ip . 

Lemma 2.2. For a positive random variable X and a satisfying < a < 1/2, 
there is the inequality, 



(2.13) 



E 



< C(a) < X [< X >" - < X°' >], 



and the constant C{a) satisfies C{a) < 1/a. For < a < 1 and e > 0, there is the 

inequality 

(2.14) 



E 



<X -X"r/": X>(l + e)<X> 



< C(a,e) < X [< X >" - < X" 



where the constant C{a,e) depends only on a, e. 
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Proof. Consider the function g{-), defined by 

g(z) = |z"-l|i/" + z"/a-z, z>0. 

If < a < 1/2 then g(-) has a maximum which is attained at z = 1, g{l) = 1/a — 1. 
Hence 



(2.15) 



E 



9 



X 



<X > 



< 



1 



1. 



The inequahty ((TTS)) imphes ((TTO)) with C{a) = 1/a. 

To prove (|2.14p for e,S > let h^^s{-) be the function defined by 

he,s{z) = z°'/a — z, < 2 < 1 + e, 

h^^s{z) = (5g(z) + (1 - (5)[z"/q; - z], z>l + e. 

Then for 5 > Q sufficiently small depending on e, a, the function h^^s[-)\\i3S a maxi- 
mum which is attained at z = 1, h^^s{l) = 1/a — 1. The inequality (|2.14p follows 
now from the inequality, 



E 



X 



<X > 



1 

< 1- 

a 



□ 



Remark 1. Observe that the inequality h2.13\) does not hold if a > 1/2 for any 
constant C{a). To see this let Z he the standard normal variable and X be the 
variable 1 + aZ conditioned on Z > — 1/cr. Then for a small the RHS of i2.13\) 
behaves like and the LHS like cr^/" . 

Statement (b) of Proposition 2.1 is now a consequence of the following: 

Lemma 2.3. Suppose X is a positive random variable and its associated /?(•) func- 
tion satisfies inf{/3(-)} > Po > 0. Then for any a, < a < 1, the inequality h2. S^) 
holds for a constant ri(a,X) = riQ(a,Po), where r]Q{a,(3o) depends only on a, (3o- 

Proof It follows from ((Ml) that 

(2.16) E[X\X>x] > <X>+(3ox, < a; < |lX|loo. 

Using the fact that for any a; > 0, one has E[X;X > x] < < X >, wc conclude 
from ([2T61) that 

(2.17) F(X> A<X>)<l/(l+/3oA), A > 0. 
Now p.l7p implies that for ^ > 0, one has 

(2.18) E[X;X < il+0<X>] < ^-^-^^^-^^<X> , 0<X<1 + C 

1 + poA 

Minimizing the RHS of (|2.18p with respect to A > 0, < A < 1 + 5, we conclude 
that 



(2.19) 



E[X;X < (1 + <^>] < 2 



1+e 



v/1 + (1 + 0/3o + 1 



<x> 



Note that the RHS of ()2.19p is strictly less than < X > if ^ > is sufficiently small, 
whence the result follows from Lemma 2.2. □ 
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Let X be a positive random variable such that ||X||oo < oo. We shall say that X 
is regularly varying with exponent p > if the function w{x) = P{X > x) satisfies 

(2.20) lim ^f!i&^^i£l ^ 1, foraUA>0. 

The following result shows the connection between properties of the beta function 
for X and the regularly varying property p.20p . 

Proposition 2.2. Let X be a positive random variable such that ||X||oo < oo and 
/?(•) be its beta function. If the limit liuix_^\\x\\aa (^{^) — f^o exists and (3o < 1, then 
the variable X is regularly varying with exponent p = /3o/(l — /So)- 

In view of Lemma 5.7 of [9], Proposition 2.2 is a consequence of the following: 

Lemma 2.4. Let X be a positive random variable such that \\X\\rx, < oo and /?(•) 
be its beta function. Define a function fc(-) by fc(^) = — log[P(X > x)], where ^ = 
- log[||X||oo ~x], X < |lX|loo- Then /or < /3o < 1 the limit limj.^||x||^ f3{x) = f3o 
exists, if and only if the limit lim^^oo ~ p of the derivative of fc(-) exists with 
p = /3o/(l-/3o). 

Proof. Using the notation of Lemma 2.1, we see that g(-) is an increasing function 
and lima.^||x||,o qix) = oo. We also have that 

(2.21) 1 jL[_iog^:,)]^;3(x). 

q (X) ax 

Hence on defining a function g{-) by g{z) ~ — logw{x) where z = q{x), we see from 
(|2.2ip that g'{z) = (3{x). We conclude then from the definition of the function fc(-) 
that 

(2.22) k'iO= g'iz)[\\X\\oo~x]q'{x). 

Suppose now that limj.^[|x||^ f3{x) — Po < I. From (|2.8|) we see that 

Halloo 



(2.23) q'ix) = 1 / 



[1 - (3{x')]dx' 



and hence that limj.^j|j(:||^ [il-'^lloc- — x] q'{x) ~ 1/(1 — /3o). From (|2.22p wc conclude 
therefore that limj_oo ^'(C) = /3o/(l — Po)- 

Conversely let us suppose that lim^^oo ^'(C) — which is equivalent to the 
identity, 

(2.24) hm zi^mm^^,. 

x^\\x\\^ w(x) 

We also have that 

t->ot,\ u\Yi\ 1 'f \ w{x)[\\X\\^~ x] 

(2.25) [jlAlloo - a::J g (a:) = - 



h{x) 

Next observe that the function h(x) may be written as 

r\\X\\^ r\\X\\^ 

(2.26) h{x) = / w{z) dz = w{x) - a;] + / w' {z) [\\X\\^ - z] dz. 



It follows then from ^2^, ^^TM) that 

(2.27) lim — = 1 + p. 

x^\\X\\^ h{x) 
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Hence from (|2?22|) . (|2^ we see that lim^^oo g'iz) = p/{l+p). □ 

Proof of Proposition 2.2. We use the fact (Lemma 5.7 of [9]) that X is regularly 
varying with exponent p if and only if the function fc(-) of Lemma 2.4 satisfies 

(2.28) hm ''i^ + ^j-^'iO ^ p ^ ^ 

The result follows from Lemma 2.4. □ 

Remark 2. Observe that the condition 112. 28\) is only slightly weaker than the con- 
dition lim^^oc k'{S,) = p. Hence the condition that X is regularly varying, and the 
condition that the beta function (3(x) for X has a limit at x ^ ll-^l|oo which is 
strictly less than 1, are almost equivalent. 

We conclude this section with some examples which illustrate how the beta 
function for a random variable can oscillate and still remain bounded. The first 
example is taken from j4] . 

Example 1. Define the function h{-) by h{x) = e~^[l +ecosx], a; > 0. Then it 
is easy to see from ^2.4^ , V2. 5\) that for \e\ < 1/2 the function h{-) corresponds to a 
random variable X with beta function 

(2.29) [l+e^sx^^ + 2e^^ 

[\ + ecosa; + esinxj"^ 

Thus f3{-) is an oscillatory function with period 2it which satisfies < inf/3(-) < 
sup/3(-) < oo. 

Example 2. Define the function h{-) by 
h{x) = (1 - xY+^ 



1 + e(l - .t)^ cos 



l-x 



< X < 1. 



Then one can see again from \2.4^ , \2.5\) that for p > and \e\ sufficiently small 
depending only on p, that the function h{-) corresponds to a random variable X 
with ll^lloo = 1- The beta function for X satisfies 

1 



(2.30) m ^ 



p + l 



1 



0[e{l-x)]. 



p{p +1) \ 1 — .T^ 

Thus /3{x) does not converge to a limit as x \\X\\ao. but < inf /?(•) < sup /?(•) < 
1 for |e| > sufficiently small. 

3. Iteration of a Map 

In this section we set out the basic methodology which will be followed in the 
remainder of the paper. Let F : [0,oo) (0, oo) be a function with the 
properties 

POO 

(3.1) 0<F'(2;)<1, F"(a;)>0, x > 0; / [1 - F' {x)]dx = oo. 



Observe that the conditions p.ip imply that F{-) has a unique fixed point, so there 
exists unique a > such that F{a) = a. The function F{-) induces a mapping 
Tp on the space E of integrable nonnegative monotonic decreasing functions w : 
[0, oo) — > [0, oo) as follows: 

(3.2) TFiw){x) ^wiF{x)), x>0. 
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Examples of functions F satisfying ()3.ip are 

(3.3) F{x) ^ (1 - A) + A.T, < A < 1, 

(3.4) F{x) = 2i/3 + a;-(l+x)i/3. 

Both functions in (j3.3p . (|3.4p have the property that F{1) = 1. Linear functions 
as in (|3.3p occur in the linear version of LSW studied by Carr and Penrose [H [4] . 
The nonlinear function (j3.4p is more akin to the transformations which occur for 
the LSW equation. In particular F'{x) = 1 — O (a;"^/'^) for large x as is the case 
for the LSW transformation F{x) ~ F{x, t) described in the introduction. 

For a positive random variable X^, we consider variables X„, n = 1, 2, .., which 
are defined by multiple dilation and iteration of the variable Xq as follows: 

(3.5) Xn+i=TF{\nXn), 71 = 0,1,2,..., 

where the A„ > 0, n = 0,1,2..., are chosen to satisfy F{Q) < Xn\\Xn\\oo, n = 
0, 1,2, .... We shall obtain a large class of variables Xq for which (|2.3[) holds uni- 
formly on the variables X„, n = 0, 1, 2... That is for any a, < a < 1, there exists 
a constant C{a, Xq) > depending only on a and Xq such that 

(3.6) < X^ > > C{a,Xo) < Xn>", n = 0,l,2... 

For a positive random variable X with finite first moment which satisfies F{0) < 
||X||oo; the transformation Tp on X induces a corresponding transformation on its 
/3(-) function. Wc denote this transformation also by Tp. It is given explicitly by 
the formula, 

(3.7) Tp(3{x)^p{F{x))F'{x) ^,;(^) ^^1^ / / yo{z)dz. 



Since F is convex one concludes from (|3.7p that 

(3.8) Tp^(x)<p{F{x)), 0<x<||X||oo, 

with equality in the case of linear F . Thus when F is linear the constant function 
is a fixed point of Tp, whence the functions (j2.7[) are invariant solutions to the 
linearized LSW equations [3l |4] . 

The usefulness of the /9(-) function comes from the inequality (|3.8p . Evidently 
on combining (|3.8p with Lemma 2.1 we may conclude the following: 

Proposition 3.1. Suppose the function F : [0,oo) — > (0,oo) satisfies the conditions 
i3.1]) and Xq is a positive random variable with bounded /?(•) function. Then if the 
dilations A„ in i3.5\) are chosen to satisfy F(0) < A„||X„||oo, n = 0,1,2.., the 
inequality iS. 6\) holds. 



Proof. The result follows from Lemma 2.1 and (|3.8p . □ 

Let Xq be a positive random variable and the variables X„, n = 1,2,.., be 
defined by (j3.5p . We are interested in identifying variables Xq for which 



(3.9) > < [l-7](a,Xo)] <X„ n = 0,l,2..., 

where < a < 1 and r](a,Xo) is a positive constant depending only on a and 
Xq. The following lemma will enable us to show that if the /?(•) function for Xq is 
bounded away from zero and sup/3(-) is sufficiently small then p.9p holds. 
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Lemma 3.1. Let F : [0, oo) (0, oo) satisfy iS.l]) and jf = sup{a; > : xF'{x) < 
F(x)}. Assume X is a positive random variable with associated (3 function /?(•), 
and that F(0) < \\X\\ao. Then for any 7, < 7 < jf, there is a positive continuous 
function : [0, 1] (0, 1] with 5^(1) ~ 1 which for any v > has the property: 

(3.10) /3{x)>iyg^{x/\\X\\oo), 0<x<\\X\\^, 

and ll^lloo < -^(7) implies 

TfP{x) > iyg^{x/\\TF{X)\\oo), 0<x< \\Tf{X)\\^. 

Proof. Wc note that since the function F{x)—xF'{x) is decreasing one has xF'{x) < 
< x < 7. From (j3.7p and the assumption (jS.lOp on (3 we have that 

TfP{x) > vg^ {F{x)/\\X\\^) F'{x) / F' {\\TfX\\.^), 0<x< \\Tf{X)\U 

Hence it is sufficient to construct the function g^ to satisfy 
(3.11) 

g^ {F{x)/\\X\\oo) F'{x) / F' {\\Tf{X)\\^) > g^ {x /\\TfX\\^) , < .t < \\Tf{X)\\^. 

Since we obtain equahty in (|3.1ip if we set x = \\Tf{X)\\oo we need to do a Taylor 
expansion around this point. Thus to first order in |lTi?(X)||oo — x the inequahty 
p. lip becomes 

(3.12) g^{l)F" {\\Tf{X)\\^) < 

g'^{l)F' {\\Tf{X)\U [\\X\\^ - \\Tf{X)\UF' (||r^^(X)||^) ] /||X||^||T;^(X)||^. 

By choosing g'^{l) sufficiently large depending only on 7 we obtain strict inequality 
in (|3.12p . whence p. lip holds for x close to ||rF(X)||oo. Observe also that for any 
e > there exists S > depending on e and a such that 

(3.13) F{x) /\\X\\^>x/\\TFiX)\\^+S, 0<x<\\TFiX)\\oo-e. 

This follows from the fact that F{x)/x is a strictly decreasing function, < a; < 7. 
In view of (|3.12p . (|3.13p one can construct the function g^ which satisfies p. lip . □ 

Proposition 3.2. Suppose the function F : [0,oo) (0, 00) satisfies the conditions 
h3.1\) and is a positive random variable with (3[-) function satisfying inf [/?(•)] > 
0. Assume further that the dilations A„ in US. 5\) are chosen to satisfy F{0) < 
'^nll-'^nlloo < -^"(7) 1^ =^ 0il)2.., where 7 is as in Lemma 3.1. Then the inequality 
h3.9^) holds for < a < 1 and some ri{a, Xq) > 0. 



Proof. Note that the conditions p.ip imply that F{0) < of < F(7f), where qf is 
the fixed point for F{-). The result follows now from Proposition 2.1 and Lemma 
3.1. □ 



The dilations A„, n = 0,1,2... in p.Sp can be considered as "normalizations" 
of the random variables X„, n = 0,1,2... There are various ways of choosing 
normalizations. The normalization corresponding to the LSW equation is 

(3.14) < (XM" >'^f^ K{p), n-0,1,2..., 

with p = 1/3. We shall show that if sup/3(-) is sufficiently small then the A„, n = 
0, 1, 2, determined by p.l4p satisfy the conditions of Propositions 3.1 and 3.2. 
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Lemma 3.2. Suppose Xq is a positive random variable with finite first moment and 
bounded /?(•) function, which also satisfies for n ~ and some Ao, p satisfying 

Aq > 0, < p < 1. Suppose further that K{p) satisfies the inequality -F(O) < 
K{p) < F{'-f), where 7 is as in Lemma 3.1. Then there exists poo > depending 
on p such that if supP(-) < P^o, there is the inequality F(0) < Ao||Xo||oc- < F{'-f). 

Proof. Evidently X = Ao^o satisfies |i^||oo > K{p), so we just need to show that 
11-''^ 1 1 00 < Fil)- If we take (3oo = then ||X||oo — K{p) hi which case the result 
follows. We thus need to show that by taking (3oo < 1 sufficiently small we can still 
achieve ||^||oo < F{'-f). To do this let us put 



f{x) = x- I3{x')dx\ 0<X<||X||oo, 
so / is a monotonic increasing function and w{x) is given by the formula 



(3.15) w{x) = exp 



dz/[f(\\X\U)-f{z)] 



[f{\\x\u-f{x)]. 



If we use now the inequality, 

fi\\X\\oo) - f{z) > f{\\X\U - fix) + (1 - l3oo)ix - z), 0<z<x, 

we may conclude from (|3.15p that w{x) is bounded below as 
(3.16) 

wix) > [f{\\X\U - f{x)f-^^'-^'-^ I \f{m\oo) - fix) + (1 - (3oo)x]'/^'-^-^ , < X < ||X| 

We have now from (|3.15p that w{0) = l//(||Xj|oo)- If we then use the inequalities, 
f{\\X\\oo)~ fix) > (l-/3oo)<5 0<x<{l-d)\\X\U 

f{\\X\\oo)~ fix) + il-Poo)x<fi\\X\\oo), 0<X<!|X||oo, 

we can conclude from p.l6|) that wix) satisfies the inequality, 
(3.17) 

wix) > [(1 - /3oo)<5 \\X\\oo /fiWXWoo)]"^^'^' wiO), < X < (1 - 5)\\X\\ao. 

We evidently also have the inequalities, 

(3.18) [1 - Poo]\\X\\oo < fi\\X\\oo) < \\X\\oo- 

The result follows from (|3.17p . (|3.18p since they imply that for any e > there 
exists Poo > such that if sup/3(-) < P^o, then 

/>OC 

<XP>=p xP~^wix)dx/wiO) > (1 - e)\\X\\Poo. 
Jo 

□ 

Corollary 3.1. Suppose the function F : [0, 00) — > (0,cx)) satisfies the condi- 
tions iS. 1]) and Xq is a positive random variable with Pi-) function satisfying < 
inf[/3(-)] < sup[/3(-)] = Poo. Assume the dilation parameters A„, n = 0,1,2..., in 
\3. 5\) are determined by the normalization condition \3.14^ for some p, < p < 1, 
where i^(0) < Kip) < Fi^), with 7 as in Lemma 3.1. Then if Poo > zs sufficiently 
small, the inequalities 113. 6\} and \3.9\) hold for all n = 0,1,2..., and a satisfying 
< a < 1. 

Proof. Follows directly from Propositions 3.1, 3.2 and Lemma 3.2. □ 
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4. The LSW Iteration 

Our first goal in this section will be to give a new proof for global existence of 
solutions to (|1.13p . (|1.14p by using the beta function (|2.5p introduced in §2. Other 
more general proofs of global existence for solutions have been given in [SJ [TOl E] ■ 

Lemma 4.1. Suppose the initial data for the LSW system il.l3\) . ^1-14^ is a non- 
negative decreasing integrable function wq satisfying L{0) — 1, where L{t) is given 
by il.15]} . Further, suppose Po{-) is the beta function derived from Wq{-) by {2.4-^ , 
\2.5]) with w{-) = wo{-), and that sup/3o(-) < /3oo < oo. For e,6 > let E^^^ be the 
space of continuous functions L{t), < t < (5, with uniform norm which satisfies 
L(0) = 1, (1 + e)-^ < L{t) < 1 + e, <t <d. For L e Ee,s define T{L) by the 
RHS of [Lis]) . Thus 

(4.1) [T{L){t)]^^^ = - / x-^/^w{x,t)dx /w{0,t), 0<t<S, 



where w{x,t) is a solution to I11.13\) with w{x,0) ~ Wq{x). Then for S sufficiently 
small depending only on Poo, there exists £ > such that T is a contraction on 

Proof. We first show that e can be chosen so that T maps E^^^ to itself. Let X be 
the positive random variable with finite first moment associated with wo{-) as in 
§2. Then from Lemma 2.1 and (|2.ip there is a constant C(/3oo) > depending only 
on poo such that 

(4.2) C{Poo) < X >i/3 < < > <<X >i/3 . 

From (jl.lSp we see that < >3= x(0) = 1, whence it follows from (g^l) that 

that < X > = 0(1). 

Let us assume now that i(-) e E^^^ and e satisfies < e < 1. Then we see that 
a solution x{s), < s < (5, to (|1.16p has the property 

(4.3) -l<dx/ds < -1/2, < a;(s) < 1/16, 
-~l<dx/ds < [2x(s)]^/3, x(s)>l/16. 

From (14.11) we have that 



1 r°° 

(4.4) [T{L){t)]^/' = -J x-^/'wo{F{x,t))dx/wo{F{0,t)) 

where we have made the change of variable y = F{x,t), x > 0, and dF{x,t)/dx 
is given by the RHS of pTTT]) . From (gS]) it follows that F{0, t) < t whence from 
()2.10p we conclude that 

I + Cio wo[Oj 

provided < S < Si, where Ci,6i are positive constants depending only on Poo- 
We also see from (|1.17p . (|4.3p that there are positive constants C2, S2 such that for 
< (5 < (S2, 
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This in turn implies that 
(4.7) ^ 



^ ^ ^^^YJ^ ^ [^(^' ^) - ^(0' ^)] A < 1' 2; > 0, < t < 5. 

We conclude from (|4.4[) - (|4.7p that there arc positive constants C3 , &^ depending 
only on (3oo such that if < (5 < (^3, < < < i5, 



(4.8) 



1 



3[1 + C3(5V3] 



[y-i^(0,t)]-2/3 «;o(y)dy/«;o(0) < [T(L)(t)]i/3 , 



[T(L)(t)]V3 < [1±^ 



F(0,t) 



[y-F(0,t)] wo(y)dy/«;o(0). 



Observe now that for Q <t < 5, there are the inequalities 



2<5 



wo{v)dy/wo{Q) 



25 



F{0.t) 



for some universal constant C4 . We conclude then from (|4.8p that there are positive 
constants C5, (^5 depending only on Poo such that for < i5 < (^5, < i < (5, there 
is the inequality, 



(4.9) 



Hence T maps Ee,i to itself provided 056^^^ < e < 1, < (5 < (5,5. 

Next we wish to show that T is a contraction on .5. To do this we combine 
the formulas (|4.1[) and (|4.4[) . Thus we may write 



(4.10) [TiLmf' = l 



<X>/2 



x^^^^wo (F{x,t))dx 



dy 



wo {F{0,t)) 



lF«x>/2,t) dF{x,t)/dx 

Let Li,L2 G Eg^a and Fi,F2 be the corresponding mappings defined by (|1.16p . 
From (|1.16p we have the inequality, 



.11) 



dxi dx2 
ds ds 



< \xiis) ~ X2{s)\ /3Li(s)i/3 min [xi{sf/\ X2{sf/'^' 

+ X2(S)V3 Li(,s)-l/3-L2(s)-l/= 



where Xi(s), i = 1,2 are solutions to (|1.16p corresponding to Li(s), i ~ 1,2 respec- 
tively. Letting || • \\s be the uniform norm on E^^^ we see from (|2.10p and (|4.1ip that 
there are positive constants Ci , Si depending only on /3o such that if < S < 61, 
then there is the inequality, 
(4.12) 

wo iFi{x,t)) /wo iF2{x,t)) < l + CiS^/^\\Li-L2\\s, 0<t<5, 0<x<<X>/2. 

From p.l7p there is the inequality, 
(4.13) 

[dFi{x,t)/dx]/[dF2(x,t)/dx] < l + C2S\\Li - LajU, 0<t<S, x > < X > /2, 
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provided < S < S2, where C2 , S2 are constants depending only on f3oo ■ Observe 
also that if j/ = F{x, t) then one has 

(4.14) X = y + f [dx/ds]ds, x{0) = y, 

Jo 

where x{s), < s < t, is a solution of pTTB)) . It follows then from (|4ll|) . (|4?T4l) 
that if y = i^i(a;i, t) = F2{x2, t) then there is the inequality, 

(4.15) xi/x2<l + C3S\\Li- L2\\s, 0<t<6, y> <X > /3, 

provided < 5 < 6^, where 0^,63 are constants depending only on /Jq- Finally we 
note that there is the inequality 

(4.16) \Fi{< X > /2,t)^ F2(< X > /2,t)\<C\5\\Li- L2\\s, < t < 5, 

provided < S < 64, where C4, S4 are constants depending only on (3oo- We may 
now use (|4.12p to estimate the first term in (|4.10p and (|4.13p - (j4.16p to estimate the 
second term. We conclude that there are constants C5, ^5 depending only on Poo 
such that 

(4.17) [TLi(t)/rL2(t)]'/' < l + C5'^'/'||ii-i2||5. 0<t<S, 

provided < 6 < S5. Hence if S is sufficiently small depending only on Poo the 
mapping T is a contraction. □ 

As a consequence of Lemma 4.1 we obtain global existence for the LSW system 
(|1.13p . (|1.14p and also a bound on the rate of coarsening. 

Proposition 4.1. Let f3o{-), wo{-) be as in Lemma 4-1- Then there exists a solution 
w{x,t), X > 0, t > 0, of the LSW system I11.13\) . |j. J^[ ) with initial data wo(')- 
Further, there is a constant C{j3oo) > depending only on Poo such that L[t) as 
given in hL15\) satisfies the inequality L(t) < 2L(0) + C{Poo)t, t > 0. 

Proof. Observe that by dilation invariance we can assume L(0) = 1. By Lemma 
4.1 there exists a solution of (|1.13p . (|1.14p for < t < (5. Consider now the 
function (3{-,S) associated with w{-,5). From (|1.17p we see that F{-,S) is convex, 
whence by (|3.8p it follows that sup/3(-,i5) < Poo- We may therefore use Lemma 
4.1 to find a solution of (|1.13p . (|1.14p for some t > S. By dilation invariance the 
interval is S < t < S + dL{l). More generally we can define a sequence of times 
tm n = 0, 1, 2...., with to = and t„ = t^-i + SL(tn-i). Lemma 4.1 then implies 
the existence of a solution to ()1.13p . ()1.14p in the interval [0, In view of the fact 
that L{tn) < (1 + e)L{tn-i), n > 1, we conclude that L{tn) < (1 + e)tn/5, n>l. 
We also have that for i„ < s < tn+i, L{s) < (1 + e)L{tn), whence it follows that 

(4.18) L{t) < [l + ef t / S, t>S. 

To complete the proof of the proposition we need then to show that lim„_>oo tn = 00. 
Let us suppose that lim„_>oo tn = too < 00. Then L(t), < t < too, is a. continuous 
function with the property limj^t^ L{t) = 0. It follows that L{t), < t < too, 
has a maximum at some point ti, < ti < too- We can assume wlog that ti = 0. 
Now if the random variable X associated with wo{-) satisfies ||>'^"||cx) = 1 then 
wq{x) = 1,0 < a; < 1, whence L{t) = 1 for all t which is a contradiction. Hence 
we may assume ||-'^'||oo > 1, in which case wo{l) > 0. Since L{t) < 1, < t < too, 
we have that F{l,t) < 1, < t < too- Since w{x,t) ~ wo{F{x,t)) it follows 
from (jl.lSp that liminfj^t^ L(t) > 0, again a contradiction. We conclude that 
lim„_»oo t„ = 00. □ 
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We can also see that under the same conditions on the initial data as in Propo- 
sition 4.1 that the upper bounds (|1.9p on the rate of coarsening hold. 

Proposition 4.2. Let (3o{-), wo(-) be as in Lemma 4-1 so L{Q) ~ 1, sup/3o(-) < 
(3oc, o,nd w{x,t), X > 0, t > 0, be the solution of the LSW system 11.13]) . Iil.l4^ 
with initial data u'o(-). Then the inequality {773) holds for a constant C of the form 
C = C{Poo) depending only on [3oo- 

Proof. Letting K{t) be defined by ()1.4p . then it is clear that K{t) = l/w{Q, t) where 
w{x,t) is a solution of the LSW system (|1.13p . (|1.14p . Hence we have that 

/ . „x dK —1 dw , —1 dw , , 

where (3{-,t) is the function (|2.5p corresponding to w{-,t). Thus one has A(T) < 
A(0) + PocT, whence the first inequality in (|1.9p follows. 

To obtain the second inequality in (|1.9p we observe from (|1.7p and Jensen's 
inequality (|2.ip that 

E{T) X^/^ > /A(r) <<X >2/3 /A(T) = l/A(T)i/3, 

where we have used the conservation law (|1.2p . The result follows then from the 
first inequality of (|1.9p . □ 

We may adapt the methodology used in Lemma 3.1 and Lemma 3.2 to obtain a 
positive lower bound on inf P{-,t) which is uniform in i as i — > oo, when sup/3o(') 
is sufficiently small and liminf/3o(-) at the end of the support of ?i'o(-) is positive. 
This implies by virtue of ()1.19p a lower bound on the rate of coarsening for the 
LSW system. Rather than applying the methods of §3 directly, we shall here take 
advantage of the fact that the LSW evolution is continuous in time instead of 
discrete as in §3. This allows for some simplifications in the proof of the LSW lower 
bound, but the methodology is subject to the same limitations as that followed in 
the proof of the lower bounds of §3. 

We first make a change of scale so that the average cluster volume A{t) defined 
by (|1.4p is normalized to 1. Thus let us consider the solution x(s),0 < s < t, oi 
(|1.16p with x{t) = X. We put y(r') = x{s)/A{s), where r', s and t, t are related by 
the change of variable, 

(4.20) t' ^ r ds'/A{s'), T= f ds' /K{s'), 

Jo Jo 

and A(-) is the mean volume function p.4p . Then (|1.16p becomes 

(4.21) =_i + ^(r')i/3yi/3_c(r')y, y{r) = y. 

The functions 7(-), c(-) are given by c(t') = /3(0, s), 7(t') = A{s)/L{s), with 
s,t' being related by ()4.20p . Observe from Lemma 2.1 that 1 < 7(-) < C(/3oo) 
for a constant C{(3oc) depending only on /3oo. Define now a function G(y,T) by 
G{y,T) = 2/(0) where y(T') is the solution of ()4.2ip with ^(t) = y. Then if F is 
the function determining the LSW evolution w{x,t) = wo(F{x,t)), F and G are 
related by the identity 

(4.22) F{x,t) = A{0) G{x/A{t), r), 
where r is determined by (|4.20p . 
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Proposition 4.3. Let /3o(-): wo(-) with associated random variable Xq be as in 
Proposition and w{x,t),x > 0,t > 0, the solution of the LSW system il.lS]) . 
jj.j^p with initial data Wo(-). Then there exists Poc > 0, such that for \imini{Po{x) '■ 
X ll^olloc} > 0, the inequality il.lO\) holds for some constant C > depending 
only on /3o(-)- 



Proof. Observe first that if /?(•, t) denotes tire /3 function for w{-,t) then from (|3.7p 

one has that 

(4.23) 



Pix,t) = /3o{Fix,t)) 



dF{x,t) 
dx 



dz 



F(x,t) 



/dF{x',t) 



dx' 




wo(z)dz 



F(x,t) 



where z = F{x',t), x' > 0. Thus to get a lower bound on (3{Q,t) it is sufficient to 
obtain a lower bound on 



(4.24) inf 



9F(0,t) /dF{x,t) 



dx 



dx 
= inf 



< .T < \\Xt\ 



dG idG 
^(0,r)/-(,,r) 



0<2;< \\Xt\\^/k{t) 



where Xt is the random variable associated with w{-,t). The interval over which 
one takes the infimum in the second expression in (|4.24p can be taken arbitrarily 
close to the interval < y < 1 by choosing Poo > sufficiently small. To see this 
observe that in (|2.8p one can identify l/q'{0) ~< X >. Since the denominator in 
the expression must be positive for all x satisfying < x < \\X\\oo, it follows by 
letting X \\X\\oo that 



(4.25) 



<X> < \\X\\oo < <X>/(l-/3oo). 



Thus the interval < y < \\Xt\\oo/ -^{t) is contained in the interval < y < 

1/(1 -/3oo). 

Now from (|4.2ip we have that dG{y, T)/dy is given by the formula 

1 7(t')1/3 



(4.26) 



dG 



cxp 



rdr' 



c{T')dr' 



/o 3 y{T')V^ j„ 

Let us denote by ye{T') the solution of (|4.2ip with yeir) = e, whence 
(4.27) 



dG 



(0,r) 



'dG 



(e, r) = exp 



dr' 



dy I dy 

Hence to obtain a uniform lower bound on the infimum in (j4.24p it will be sufficient 

to show that 

(4.28) 

< zje(T') - yo{T') < eexp[-fc(/3oo)(r - r')], < r' < r, < e < 1/(1 - f3^), 

for some constant k{Poo) depending only on Poc, which is strictly positive for /3oo > 
sufficiently small. 

To prove (|4.28p we consider the differential equation (|4.2ip . Observe that the 
expression on the RHS of the equation is given by — /^(r') (7('''')y)j where Q;(r') ~ 
c{t')/j{t') and /a(-) is the function fa{z) = 1 — z^^^ + az, z > 0. It is clear that 
./q(') is convex with at most 2 zeros. If a > 4/27 = 0.1481 the function is positive. 
If a = 4/27 it is nonnegative with a single degenerate zero. If a < 4/27 there are 
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2 nondegenerate zeros. The minimum of fa{z) occm's for z = [1 /3a] 3/2. Thus if 

a < 4/27 one has that fa{[l/3a]^/^) < 0. In addition one has that 

(4.29) 



faiz) < for 1 + 4q! < z < [1/3q: 



3/2 



< a < 0.25 



(4/3) 



3/5 



0.0471. 



We shall assume now that Poo < 0.0471 so that the inequahty (|4.29p holds for 
the functions fa(T'){')^ t' > 0. Observe from Lemma 2.1 that there is a constant 
C{f3ao) > 1 depending only on (3oo and with the property Um^^_^o C(/3oo) — 1, 
such that sup7(-) < C(/3oo)- Since we also have that inf 7(-) > 1, wc conclude from 
(|4:29l) that 

(4.30) Lir'Mr')y) < 0, for r' > 0, 1 + 4/3oo < y < l/[C(/3oo)(3/3oo)'/']. 

Evidently we may choose /3oo > sufhciently small so that there exists y = yoc > 
1/(1 — (3oo ) which lies in the interval of (|4.30p . Thus for any e < j/oo the solution 
yd-) of ()4.2ip satisfies supy£{-) < yoc- If we now set (pdr') = ydr') - yoir'), we 
see from (|4.21|) that 



7(t')"V3 lAso(r') + (1 - X}yAT')f" d\ - c(t-) 



In view of the bound sup?/e(-) < yoo, it follows from (|4.3ip that 



(4.32) 



dr' 



> 



Q 2/3 

oyoc. 



■Po 



Mr')- 



The inequality follows from ([1321). 



□ 



Wc end this section with a short proof of asymptotic stability for the linear LSW 
model HH]. 

Proposition 4.4. Let /3o(-), Wo{-) with associated random variable Xq be as in 
Proposition 4-2 and w{x,t),x > 0,t > 0, the solution of the linear LSW system 
iLlS\) . ^-14^ with initial data Wo{-)- Thus the power 1/3 in iLlS}} is replaced by 
power 1. Suppose in addition that lim{/3o(a;) : x ||^o||oo} ~ Poo > 0. Then A(t) 
defined by \l-4^ satisfies limT^oo A^{T)/T = Poo- 

Proof. The result follows from (|1.19p provided we show that limt_,oo P{0, t) = Poo- 
Now for the linear LSW model one has w{x,t) = wo{F{x,t)), where F{-,t) is a 
linear function for alH > and limj^oo F{0,t) = ||Xo||oo- Since (|3.7p implies that 
/3(0, t) = po{F{0, t)), the result follows. □ 



5. Improved Lower Bounds on the Rate of Coarsening 

Our goal in this section is to remove the smallness restriction on sup/3o(') which 
was required in Proposition 4.3 for the proof of the lower bound on the rate of 
coarsening. We begin by deriving the evolution equation for the function p{x,t). 
To do this we note that 

P{x,t) = c{x,t) / w{x' ,t)dx' / w{x,t)'^ , 
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where c{x,t) satisfies (jl.ip and w{x,t) equation ()1.13p . It follows that (3{x,t) is a 
solution to the equation 

1/31 



(5.1) 

where 
(5.2) 



d(3{x, t) 
dt 



1 - 



3i(t)i/3 



^2/3 



5/3 

— (x,t) = -(3{x,t)g{x,t), 



w(x' , t) 



dx' 



w{x' , t)dx 



Since w{-, t) is a nonncgative function g{x, t) is also nonncgative, whence from (|5.ip 
we may conclude that sup/3(-,i) is decreasing. We can also see from (|5.ip . (|5.2p 
that the time evolution preserves monotonicity of /3(-,t). 

Lemma 5.1. Suppose P{-,t) satisfies sup/3(-,<) < 1. Then the function g{-,t) is 
monotonia decreasing. 



w{x',t)dx', h{x,t) ^ cxTp[—q{x,t)]. 



Proof. We put 

h{x, t) — 
From (|2.8p we have that 

(5.3) l^[dq{x,t)/dx]^ A{t)- x + p{x',t)dx'. 

It follows from (|5.3p that if sup/3(-,<) < 1 then /i(-,<) is an integrable function on 
[0,oo) Hence on integration by parts in (|5.2p we have that 



'l{x,t) 



9L(t)i/3 h{x,t) 



h{x',t) 



dx' 



w{x, t) 



dx' 



whence 

Observe from (|5.3p that since sup/3(-,t) < 1 we have d^q{x,t)/dx^ > 0, x > 0. 
Hence 



/3 + /i(x,t)2 



w{x, t) 



dx' 



dq{x,t) 



< exp[g(x,t)]- 



,5/3 



^ix',t)exp[-q{x',t)]dx' = 



The result follows from (15.4 



□ 



Corollary 5.1. Suppose /3(-,0) is monotonic increasing with sup/3(-,0) < 1. Then 
(3{-,t) is monotonic increasing with sup/3(-,i) < 1 for all t>0. 



Proof. The solution to (|5.ip is given by the formula, 



(5.5) 



P{x,t) = /3(F(x,t),0)exp 



g(a::(s),s)ds 



where a;(s),0 < s < t, is the solution to (|1.16p . Noting that the trajectories of 
(|1.16p do not intersect in the {x, t) plane it follows from Lemma 5.1 and (|5.5p that 
(3{-,t) is monotonic increasing. □ 
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We can rewrite the system (|5.ip . (|5.2p in the variables (y, r) used in (|4.2ip . With 
y = x/A{t) and r given by ()4.20p . we set w{x,t) = A{t)~^w* {y,T) so that w*{-,t) 
is normahzcd as w*{0,t) = 1. The conservation law (|1.14p then becomes 



(5.6) / w*{y,T)dy^l. 



oo 







We may similarly define the fmiction /?*(•, •) by /3(a;, i) = /3*(y,T). From (|5.ip . ([5 
it follows that the fimction /3*(-, •) satisfies the equation 



9/3 

where g*{y, t) is given by the formula. 



(5.7) ^(y,r)- [l-7(r)i/=^yi/=^+/3*(0,T)y] ^(y, r) = -/?* (y, T)g*(z/, r), 



(5.8) 5*(y,r) = - / w*{y\r)dy' 

If we set 

h*{y,T)^l w*{y',T)dy', ft,*(y, t) = exp[-g*(y, r)], 



we have that 

(5.9) l/9g*(y,T)/ay=l-y + T /3*(y', r)dy'. 







Letting X* be the random variable associated with the positive decreasing function 
u>*(-,r). then (3{-,t) is a function with domain [0, ||X*||oo). It has the property 
that the RHS of (|5.9p is strictly positive for y < \\X*\\oo but converges to as 
y ||X*j|oo- We can now use Lemma 5.1 to obtain an improvement of Proposition 
4.3. 

Proposition 5.1. Let /3o(')i wo{-) with associated random variable Xq be as in 
Proposition 4-3 and w{x,t), x > 0,t > 0, the solution of the LSW system il-lS}) . 
|j. J^P with initial data Wo(-). Assume there exists S > such that Po{z) < 1 for 
ll^lloo — S < z < \\X\\ao, and in addition liminf{/3o(a;) : x —^ \\X\\ao} is positive. 
Then the inequality il.lO\) holds for some constant C > depending only on Poi')- 

Proof It is evident that there exists T > such that < inf /?(•, T) < sup /?(•, T) < 
1. We can assume therefore wlog that this inequality holds for T = 0. We also 
assume for the moment that /3(-,0) is monotonic increasing, whence /3*(-,r) is also 
monotonic increasing, r > 0. Suppose now that < tq < ri, /?*(0,ro) = 77 > 
and /3*(0, r) < 1] for tq < t < ti. We will show there exists 770 > such that if 
rj < rjQ then /3*(0, r) > kt] for tq < t < ti, where k > is a universal constant. 
To see this we consider the value of ||X*||oo. Choosing < 770 < 1/6 to satisfy 
1 - 2^/3 + 2770 < it is clear that if ||X;||oo < 2 then ||X;,||oo < 2 for tq < t' < t. 
Alternatively if ||X*||oo > 2 it follows from (j5.9|) and the monotonicity of /3*(-,t) 
that /3*(2,t) > 1/2. 

Just as in (|5.5p we have that for r > tq, 

9*{yi{T'),T')dT' 



(5.10) /3*(0,t) =/3*(yi(To),ro)exp 

where yiir') is the solution to (|4.2ip with yi(T) = 0. More generally, if yi(T'), y2(T') 
are two solutions of (|4.2ip with yi(T) = yi,y2{T) ~ y2, then one sees that for r' < t, 

(5.11) y2(r')-yi(r')- 
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(y2-yi)exp £dT" |r(0,r") -^'7(r")i/V3[A2/i(r") + {l^X)y2{T")f' dX^ 

It follows from (j5.11|l that if < yi < ?/2 < 2, then there exists 6 > depending 
only on rjo such that 

(5.12) 0<y2{T')-yi{T') <iy2-yi)cxp[~S{T^T')], tq < r' < r. 

Choosing now yi — 0, y2 = H-'^^rlloo < 2, in (|5.12p wc conclude from (|5.8p that for 
some constant A, 

9*{yi{T'),T') < Aexp[~6{T - t')], t' < r - 1, 
whence we conclude that 

(5.13) /3*(0,r) > K?7, tq < r < n. 
Alternatively suppose /3*(2,r) > 1/2. Then from (|5.10|) it follows that 

/ g*(2;2(r'),r')rfr'<log2, 

J To 

where 2/2 = 2. Observe from ([O]) . (fO]) that 

\dg*iy, T')/dy\ < 2j{t')'/^ /dy'/^ y > 0. 
Since ||7(-)||oo < oo we conclude from the last 2 inequalities and (|5.12p that 

g*iyi{T'),T')dr' <K, 

where yi = and K depends only on ||7(-)||cxj- Hence again (|5.13p holds. 

We have proved the result under the assumption that /9*(-,0) is an increasing 
function. To extend it to nonincreasing /3*(-,0) we observe from (|5.5p that we can 
choose To sufficiently large so that there exists S < 1 such that 

(5.14) /?*(y,T) > (l-<5)r(y',T), 0<y'<y. r > Tq. 

We may now argue as before using (|5.14p to replace the strict monotonicity of 
/?*(•, r). □ 

We consider the evolution of the function w*{y,T) defined after Corollary 5.1. 
Since w{x,t) is a solution to (|1.13p it follows that ■w*{y,T) satisfies the equation, 



(5.15) 



dw* 



{y,T)- l-7(T)i/3yi/3 + ^*(o,r)y (y , r ) = /?* (0 , r)«;* (y , t) 

L J dy 



dw* 



Hence w*{y, r) is given in terms of the initial data by 



(5.16) w*iy,T)^w*(^F*iy,T),o)exp 



/3*(0,T')dr' 



where F*{y,T) ~ y{0) and ?/(r'), < t' < r, is the solution to (|4.2ip . Now the 
self-similar solutions to the LSW system (|1.13p . (|1.14p correspond to solutions of 
(|5.15p which arc independent of t. We can easily obtain formulas for these by 
solving (|5.15p . Thus for < a < 4/27 the function z ^ I - z^^^ + az, z > 0, has 
2 nondegenerate zeros which coalesce to a single degenerate zero as a ^ 4/27. Let 
Cq > 1 be the minimum zero and defined the function Fq, by 

dz' 

-, < z < aa. 



ra(z) 



1 



2'l/3 
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For each a there is a time independent solution w*{-) of (|5.15p . 

(5.17) u;*(y) = exp [-a rQ(7y)] , < y < 0^/7, 
where 7 is given by the formula, 

(5.18) 7==/ exp[-a r„(z)]dz. 



If we set /3*(0, r) = a7, 7(t) = 7, then the hmction (|5.17p satisfies (|5.15p . Evi- 
dently (ICTT)) imphes that -u;*(0) = 1 and ((5TT5)l that ((5?^)) holds. Observe that by 
integrating (|5.15[) over the interval < y < Ua/^ we conclude that 



(5.19) / z-^/^cxp[-aTc,{z)]dz ^3. 
Ja 

Consider now the function ga{z) defined by 

(5.20) ga{z) = T-p: exp [a rQ,(z)] / eyi^[—aTa{z')\dz', < 2; < 

1 - 2-^/'^ + az 

Then it is clear that the function (3* (y) associated with the function w* (y) of (|5.17p 
is given by (3*{y) = ga{iy)i < j/ < aa/^. It follows from the method used in 
Proposition 5.1 that /3*(y) is an increasing function. We shall prove this separately. 

Lemma 5.2. Suppose < a < 4/27. Then the function ga{z), < z < aa, is 
monotonic increasing. Furthermore (7q(0) = aj and lim^^ac ffa(-z) = SaOa^'^ < 1. 

Proof. It is evident from (|5.18p that ga{0) = a'J- To find the limit of ga{z) as 
z — » Oq, we need to expand the function (|5.20p about z = aa. We write 



1 Q 2/3 

1 Sad 



l-z^^ + az (aa - z){l ^ 3aaT) 



fa{z), 



where fa{z) is nonnegative and fa{aa) ~ l/a]/^{l — 'Saaa^^)^. 
Then from (|5.20p we see that 

(5.21) 5„(z) = 3aa^/3 - 2a(a„ - z)/ al/\2 - Saa^/^) + 0[(a„ - z)^]. 

Note that as a — > 4/27, ga{cia) = Saa^^'^ — > 1 and g'aio,a) remains bounded. For 
a — > 0, g'aip-a)/ ga{a,a) 1/3. To see that f?^ is monotone increasing we see from 
([00)1 that 

(5.22) ^ [(l - zi/3 + az).g„(z)] = ag^iz) - a , 

whence it is sufficient to show that ga{z) > 3az^/^, < z < a^,. We can see 
from (|5.2ip that this is the case for z close to Cq. In fact ^^(z) > 3az^/'^ is 
equivalent to Saat^^ — Zcxz^l^ > gaifla) ~ 9a{z). By (|5.2ip one has g'^Sfla) = 

1/3 '2, / ^ 1/3 

2a I ad (2 — iaad ) < 2a /ad whence the inequality holds for z sufficiently close 
to aa. To prove it for all z, < z < Cq,, observe that 



aj ga(z) = (1 — z^l'^ + az^ cxp[— Q!r(z)] j j exp[— Q!r(z')]dz'. 

The inequality follows then if we can show that 

\ 1 

(5.23) (1 - zi/3 + azj exp[-ar(z)] = J exp[-ar„(z')]dz'. 
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3[Ay^(T0 + (l-A)yAr+i(r')]2/3 



Observe that ()5.23p holds for z = aa and also holds for z = by ()5.19p . To show it 
holds for all z, < z < aa we easily verify that the derivatives of both sides of ()5.23p 
agree. Finally observe from (I5.22p that since (1 — z^/^ + az)g'^{z) / ga{z) < l/3z^/^ 
then log (7q(z) has total variation which is uniformly bounded for < a < 4/27. □ 

Next we extend the result of Proposition 5.1 so as to remove the restriction 
sup/3o(-) < 1, but in removing this restriction we need to impose the extra condition 
that /?o(') converges to a limit at the end of its support. 

Proposition 5.2. Let /?o(')i ^^o(') with associated random variable Xq be as in 
Proposition 4-3 and w{x,t), x > 0,i > 0, the solution of the LSW system ( f j. 
{1.14^ with initial datawo{-). Assume that sup f3o{-) < oo, and in addition lun{PQ{x) : 
X ^ \\X\\oa} exists and is positive. Then the inequality m.lO\) holds for some con- 
stant C > depending only on /3o(0- 

Proof. We consider w*{y,T) which satisfies (jS.lSp . Now w*{y,0) is decreasing 
and w*(0, 0) = 1. We can therefore define points y]^{0),N — 0,1,2,.... with 
w*{yN{0),0) = 2'^. Let yN{T'),T' > 0, be the solution of (|OT|) with the specified 
initial condition yAr(O). Then from (|5.16p it follows that w*{yN{T), t)/w* (yN+iir), t) = 
2. For iV = 0, 1, 2, ... let In(t) be the interval In(t) = {y : yNir) <y < yN+iir)}. 
If |JAr(T)| denotes the length of the interval then one sees that 
(5.24) 

\lN{T)\ = \lNmc^pl^- jy*{0,r')dT' + J\t' j{t')'/^ ^ '^^ 

It follows that |/Ar(r)|/|/Ar-)-i(T)| is an increasing function of r. Suppose now that 
w*{-,0) is associated with the random variable Y and that lim{/?*(j/, 0) : y 
\\Y\\oo}^f3i > 0. Then 

(5.25) lim |/jv(0)| / |/w+i(0)| ^ 2^/f'-\ 
To see that (|5.25p holds observe that w*{y,T) satisfies the equation. 

(5.26) %y'^V ^*(^'^^ ^ -!3*{y,T)dq*{y,T)/dy. 

For T > 0,2/ > 0, let /j^(t) be the interval Iy{T) = {y' : w*{y,T)/2 < w*{y',T) < 
w*{y,T)}. From (|5.26p it follows that |/j,(t)| satisfies the identity, 

(5.27) log2= / P_^y2V dy', 

Jy A{y,r)+f^ [P*{y",T)-l]dy" 

where A{y, t) = l/dq*{y, T)/dy > 0. Let us assume for the moment that inf{/3*(?/', t) 
y' > y} > 1. Then from (|5.27p we sec that there exists a P{y,T) satisfying 
inf{/3*(y',T) : y' G /,(t)} < /3(2/,t) < sup{/3*(y', r) : y' G /,(t)} such that 

(5.28) r+l'"^"'! r(2/',r) - 1] dy' ^ A(y,r) y-^/f^iv--) - 1 

Setting z = y + \Iy{T)\ and observing that A{z, t) — A{y, r) is equal to the LHS of 
(|5.28p we conclude that 



(5.29) / [P*{z',T)-l]dz' = A{y,T)2^-^/f^^y^^^ 



1 
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The identity ()5.25|) for /3i > 1 follows upon taking the ratio of ([Qg]) to (|08l) with 
T = 0, y = yAr(O), and letting N oo. We similarly see that (j5.25p holds for /3i < 1. 
To sec that it holds for (3i = 1 one observes from (|5.27p that |/j,(t)| ~ A{y, r) log 2 
if the function /?*(•, r) is close to 1 in the interval lyir). 
In view of (j5.25p we may assume that 



(5.30) 



|/Ar(T)| / \lN+l{r)\ > 1/2, 



T > 0, 



provided yAr(T') > 0, < t' < t. We define Pn{t) for all r which have the property 
that yAr(T') > 0, < t' < T, by the formula 

r \lN{r')\ 



Pn{t) = exp 



It is evident from (|2.1ip that yN+i{T) > c > 0, < r' < r. for some constant c. 
Hence (3n{t) is a positive decreasing function of r. From (|5.30|) we have that 



(5.31) 



f^Nir) < exp 



(r')l 



yN+2{T'r^' 



dr' 



= /5w+i(t) 



1/2 



Observe also from (|5.24|) that 

(5.32) |/jv(t)| / |/jv+i(t)| > C//3m(t)«, 

for constants C, a satisfying < C, a < 1, depending only on P^. Evidently 
PNir) > (C/2)1/" for all t > 0, or there is a r* > such that /?iv(r*)" = C/2. In 
the latter case if r > r* we have that 

I^A^+i(r')l " 



/3jv(t) 



< 



/Sat (t*) exp 



-2 



dr' 



It' yN+2{T'f/^ 

= /3iv(r*)/3jv+i(r)' //3Ar+i(r*)' < PN+i{.Tf / PN{r*f = (2/C)3/"/3Ar+i(r)2 

It follows that if Pn+i{t) < (C/2)3/" then I3n{t) < I3n+i{t). Let us suppose 
now that for some r > one has 13n{t) > (C/2)'^/". We shall show that one has 
in this case also /J^v+iIt) > (C/2)'^/". To sec this observe that we may assume 
/3jv(t) < (C/2)i/" since otherwise (jOT]) implies that I3n+i{t) > {C/2f/°'. Hence 
there exists t* < r with I3n{t*Y = C/2. Since /3]v+i(t) < (C/2)3/« implies that 
(3n{t) < /3Ar+i(T) which is a contradiction, we conclude again that /?7v-|_i(r) > 
(C/2)3/". More generally we see that there exists N{t) < oo such that Pn{t) 
satisfies 



(5.33) 



/?w(t) > (C/2)3/" if N>NiT), 



Pn{t) monotonic increasing function of iV if iV < N{t). 

We show that the function g*{y,T) of (|5.8p depends locally on !(;*(•, r) near y. 
Since in (|5.30p we may replace the RHS by something strictly larger than 1/2 it 
follows that 



w*{y,T)\Iy{T)\/2< / w*iy',r)dy' <{l + C)w*{y,T)\Iyir)\ 



(5.34) 



for some positive constant C. We may bound from below the numerator of the 
RHS of jEHl) by 



/>oo 


■ 1 1 " 


'y 


y2/3 y/2/3 



w*{y',T)dy' > w*{y,T)\Iy{T)\^ / 6 [y + |/,(t)|] 
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From these last two inequalities we obtain a lower bound on g*{y, r), 
(5.35) g*{y^r)>C,\IyiT)\/ [y+\Iy{r)\f\ 

for a positive constant Ci. Wc may also obtain an upper bound on g*{y,T) of 
the same form as in (|5.35p provided we assume the constant /3i in (|5.25p satisfies 
/3i < 2. For j = 0, 1, 2...., let yj > y he defined by w{yj,T) — w{y, t)/2^ . Then one 
has that 



POO 


■ 1 f " 


'y 


y2/3 y/2/3 



w*{y',T)dy' < 



2w*iy,T) 

32/5/3 



fe=0 



3=0 



\Iydr)\- 



Hence if /3i < 2 it follows from the fact that \Iy,{T)\/\Iy^+,{T)\ > l^l^^"^ > 1/V2 
that 

w*{y\T)dy' <Cw\y,T)\Iy{T)\^ jy'^l^ 



poo 


■ 1 1 " 


'v 


y2/3 y/2/3 



We therefore have from (|5.34p and the previous inequality the following upper 
bound on g*{y, r), 



(5.36) 



.9*(y,T) <C2|/,(T)|/y5/3 if /3^<2, 



where C2 is a constant. 

Suppose now as in Proposition 5.1 that < tq < n, /3*(0,to) = 77 > and 
/3*(0,t) < r] for tq < r < ti. We will show that there exists 770 > such that if 
r] < rjQ then /3*(0,r) > k?7^+" for tq < r < ti, where a, k are positive constants. 
To see this let us define iV,„in(T) as the minimum A'' such that 2/Ar(T) > 0, whence 
[3n{t), N > Nn^inir), are well defined. Since /i*(0,t) = w*{0,t) = 1 it follows 
that w*{y,T) < w*{0,T)/y, y > 0, and hence that yAr(T) < 2, yN+i{T) < 4, for 

= A'^„ii,i(T). In view of (|5.33p . (|5.35p and the inequality /3*(0, tq) > 77 we see 
that Pn{to) > Ki7/^+"i for all > iVmin(7'o), where ki,Q!i are positive constants. 
Therefore from (|5.12p it follows that (3n{t) > K277^^"^ for some constant K2 > 
provided tq < r < ti and = N^ia{T). Hence we may conclude from (|5.33p that 
/3jv(r) > K2?7'+"' for ah A^ > N^,^{t). 

If /3i < 2 we can see from that /3*(0,t) > ^77!+" for tq < r < tj. To 

see this observe that wlog we may assume yniT) = when A^ = A^min(''')- From 
(|5.12p and (|5.36p it follows that /3*(0, r) > C (3* {y n {to) , tq) for a positive constant 
C and A'' = A^min(''')- We may assume wlog that y^ir') > l/[2inf7(-)] for r' < 
To, N = N„,in{T). If also yjv(T') < 2 then |/^(r')| < 4, whence 5*(yw(T'), ^') < 
C3|/Ar(T')|/yAr+i(T')^/^ for a constant C3. Alternatively if y]v(T') > 2 then 
w*(yAr(T'),T') < 1/2, whence it follows that |/Ar(T')| < 2yN{T'). Thus ((06)) implies 

that g*{yN{T'), r') < C4|/Ar(T')| ^ yAr+i(T')^/^ for a constant C4. We conclude that 

f3*{yN{Ta),To) > Pn{to)"^ for some a2 > 0. The result now follows from the lower 
bound on /3Ar(ro) already established. 

We may also make an argument which does not require the assumption /3i < 2. 
First observe from (|5.24p that if w*{y]y{T), t) < 1/2 there are constants Ci, ai > 
such that 



(5.37) 



/jv(T)|/|/Ar+i(r)| <Ci//3Ar(r)"^ 
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Second, we see just in the same way as we obtained the inequahty (|5.35|) . that if 
w*{yN{T), t) < 1/2, there is a constant 02 > such that 

(5.38) P*iy,T)<l3*{yN{T),T)/pN{Tr\ y & In{t). 

Suppose now < t < ti and we assume as before that yAr(T) — when N — 
N^inir). Then it foUows from ([QS]) that 

(5.39) /3*(y,T)</3*(0,r)/K3^i+"% y G /^(r) U W(t), 

for positive constants 03,^3, where N = N-n-in-i{T) + 1. Now let us assume that 
sup{/3*(y,r) | y e In{t) \J In+i{t)} < 1. Then applying (ISTMl) . (1091) with 
y = yN{T) and using (|5.39p we see that \I jm {t)\ j \I +i{t)\ is bounded below by 

something larger than the RHS of (|5.37p unless /3*(0,t) > K4r/^+"*' for some posi- 
tive constants q;4,K4. The lower bound on /3*(0,t) of the form kt;^^" in the case 
/3i > 2 follows. □ 
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